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Abstract

We consider the Laplacian in a planar strip with a Dirichlet boundary condition
on the upper boundary and with a frequent alternation boundary condition on
the lower boundary. The alternation is introduced by the periodic partition
of the boundary into small segments on which Dirichlet and Neumann
conditions are imposed in turns. We show that under certain conditions
the homogenized operator is the Dirichlet Laplacian and prove the uniform
resolvent convergence. The spectrum of the perturbed operator consists of its
essential part only and has a band structure. We construct the leading terms of
the asymptotic expansions for the first band functions. We also construct the
complete asymptotic expansion for the bottom of the spectrum.

PACS numbers: 02.30.Jr, 02.30.Tb, 73.63.—b
Mathematics Subject Classification: 35P05, 35B27, 35J10

1. Introduction

The model of quantum waveguides with window(s) was studied in a series of papers by several
authors; see [Bo3, BGRS, DK, ESTV, EV, G2, HTWK, Bo6, BEG]. Such waveguides were
modeled by a pair of two planar strips or three-dimensional layers having a common boundary
and with window(s) openings of finite size in it. The usual operator is the Dirichlet Laplacian.
The main interest is the behavior of the spectrum of such an operator and its dependence on
the window. If the strips or layers are of the same width, then the problem reduces to the
Laplacian in one strip, and the window is modeled by segment(s) on the boundary where the
Dirichlet condition switches to the Neumann one. This model poses interesting mathematical
questions, and it is also of physical interest, since it has certain applications in nanophysical
devices and in modeling electromagnetic waveguides.

It was shown in the above-cited papers that the perturbation by a finite number of the
windows leaves the essential spectrum unchanged and gives rise to new discrete eigenvalues
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emerging below the threshold of the essential spectrum. This phenomenon was studied, and
the behavior of the emerging eigenvalues was described.

A completely different situation occurs, if one deals with an infinite number of the
windows located on the boundary. In this case, the perturbation is not localized and as a result
it changes an essential spectrum. Exactly this situation is considered in this paper. Namely, we
consider a planar strip with periodically located windows of the same length. The windows are
modeled by segments where the Dirichlet boundary condition is replaced by the Neumann one.
The main feature is that the sizes of these windows are small, and the distance between each
two neighboring windows is small, too. Such a perturbation is well known in homogenization
theory; see, for instance, [Bo4, FHY, C, Bo7, Bo5, BLP, DT]. In the case of the bounded
domains, it is known that under certain conditions on the alternation the homogenized operator
is the Dirichlet Laplacian, i.e., the homogenized boundary condition is the Dirichlet one. The
same phenomenon occurs in our problem. In other words, in the limit the perturbed operator
behaves as if there are no windows at all. Moreover, it happens even in the case when the size
of the windows is relatively larger than the remaining parts with the Dirichlet condition; see
condition (2.1) and theorem 2.1.

The above-mentioned convergence of the perturbed operator is in the uniform resolvent
sense. It also holds true, if we consider the resolvent not only as an operator in L, but as those
from L, into Wzl. We give an effective estimate for the rate of the convergence. Such kinds of
estimates for the operators with fast oscillating coefficients were obtained recently in the series
of papers [BS2, BS3, Bo2,Z1, Z2, ZPT, PT, P]. Although the perturbation by fast oscillating
coefficients is also typical for the homogenization theory and it has a number of features similar
to the perturbation by frequent alternation of the boundary condition, in our case the situation
is rather different from that in the cited papers. Namely, while considering the resolvent as
an operator from L, into W, , they had to introduce a special corrector to get an estimate for
the rate of convergence. In our case, we do not need such a corrector, and the estimate for the
rate of the convergence can be obtained in a rather easy way exactly for the difference of the
resolvents. This is a specific feature of the problems of boundary homogenization and it was
known before in the homogenization of the fast oscillating boundary in the case of a bounded
domain; see [OSI, chapter III, section 4.1].

One more result of our paper concerns the behavior of the spectrum of the perturbed
operator. The spectrum has the band structure and we describe the asymptotic behavior for the
first band functions w.r.t. a small parameter. It implies that the length of the first band tends to
infinity w.r.t. a small parameter, and therefore all possible gaps ‘run’ to infinity. We prove that
the bottom of the spectrum corresponds to a periodic eigenfunction of the operator obtained
by Floquet decomposition of the periodic operator. On the basis of this fact we obtain the
complete asymptotic expansion of the bottom of the spectrum.

In conclusion, we describe briefly the contents of the paper. In the following section, we
formulate the problem and give the main results. In the third section, we prove the uniform
resolvent convergence of the perturbed operator. The fourth section is devoted to a similar
result but for the operator on a periodicity cell obtained in the Floquet decomposition. In the
last, fifth, section, we analyze the bottom of the spectrum of the perturbed operator.

2. Formulation of the problem and the main results

Let x = (x1, x2) be Cartesian coordinates in R?, & be a small positive parameter, = 7(¢) be
a function satisfying the estimate

0 <) <=
< )< —
g 2
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for all . We partition the real axis into two subsets,
Ve :={x:|x; —emrm| < en, m € Z, x, =0}, Iy := Ox1\y,.

By 2, I'y, and I"'_ we denote the strip {x : 0 < x, < 7} and its upper and lower boundaries,
respectively.

The main object of our study is the Laplacian in L,(€2) subject to the Dirichlet boundary
condition on I'y U y, and to the Neumann one on I';. Rigorously we introduce it as the
self-adjoint operator in L,(£2) associated with a sesquilinear form:

belu, vl == (Vu, Vo) ,@» on W, (Q, T, Uy,

where v"vzl (Q, S) indicates the subset of the functions in W21 (Q) having zero trace on the curve
S. We will employ the symbol H, to denote this operator.

Remark 2.1. Although it is not one of the main issues of our paper, it is possible to describe
explicitly the structure of the functions in the domain of H,. More precisely, it is possible to
describe their behavior at the end points of y,. We refer to lemma 3.1 for more details.

The main aim of the paper is to study the behavior of the resolvent and of the spectrum
of H, as ¢ — +0. We introduce one more self-adjoint operator H, which is the Dirichlet
Laplacian in L,(£2). We define it as associated with a sesquilinear form:

bolu, v] := (Vu, Vo)1, on W, (R, 09).

It is well known that the domain of this operator is W(£2) N WJ (22, $2). In what follows the
symbol || - || 4— p indicates the norm of an operator from the space A to B.
Our first result says that under the condition

elnn(e) — 0, & — +0, 2.1

the operator Hy is the homogenized one for H,.

Theorem 2.1. Suppose (2.1). Then the estimate
I(He =D = (Ho = D7l y @ wiey < V13 Insinp(e)|V* 2.2)

holds true.

As it follows from (2.1), the quantity €| Insin n(¢)| tends to zero as ¢ — +0. Even if n
tends to zero not very fast, say, as n ~ &%, @ > 0, and the lengths of the Dirichlet parts on I'_
are, therefore, relatively small with respect to those of the Neumann parts, the homogenized
operator is still subject to the Dirichlet condition on I'_. This fact was known in the case of
bounded domains; see, for instance, [FHY, C]. Moreover, if  — % — 0 as € — +0, then the
measures of Neumann parts of the boundary are relatively small w.r.t. to those of Dirichlet
parts. In this case, | Insinn| — +0 and it improves the rate of convergence in (2.2).

The spectrum of Hy consists only of its essential component and coincides with the
semi-axis [1, +00). As a corollary of theorem 2.1, we have

Theorem 2.2. The spectrum of H, converges to that of Ho. Namely, if A & [1,4+00), then
A & o(Hg) for € small enough. And if A € [1,+00), then there exists A, € o(H,) so that
re = Aase — +0.

The operator H, is a periodic one due to the periodicity of the sets y, and I';, and its
spectrum has a band structure. Namely, let
Q1= {x:|x1|<%8n,0<xz<n}, Ve 1= 082 N ¥,

o

[, :=0Q,NT,, [y :=0Q, NT.
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By Hg” )(7,') we denote the self-adjoint operator in L,(€2.) associated with the sesquilinear

form,
) 9 0 d d
v (e -0, (),
ox; & ox; ¢ La() dx2 %2/ 1,
on W)

2_per(QE, I, U V), where T € [—1,1). Here W2l (2, I, U ¥¢) is the subset of the
functions in VVZI (2, I, U ¥, ) satisfying periodic boundary conditions on the lateral boundaries

per

of Q.. The operator Hé” )(r) has a compact resolvent. To prove this, it is sufficient to reduce
the equation Hé” ) (T)u — Au = f to an operator equation of second kind in Wzl,per(Qa, I, u Ve)
in a standard way; see, for instance, [L, chapter II, section 5] and [L, chapter II, section 5,
remark 5.1]. The mentioned operator equation involves a compact operator that follows
from the compact embedding of V‘)Vzl’per(ﬂs, I, U Ve) in Ly(L2.). The last fact implies the

compactness of the resolvent. Hence, the spectrum of Hé” )(‘C) consists of a countably many
discrete eigenvalues accumulating at infinity. We denote these eigenvalues by A, (7, ¢) and
arrange them in the non-descending order with the multiplicity taking into account

AT, 8) S Aa(T,8) < A3(T,8) <--- < Ap(T,8) < - -

Let o (-), o.(-) be the spectrum and the essential spectrum of an operator. Then

o0
0 (He) = 0e(He) = U{kn(f, e):te[-1, D} (2.3)
n=1
that will be shown in lemma 4.1.
The rest of the results is devoted to the behavior of A, (7, €) as ¢ — +0. First we establish
a uniform resolvent convergence for Hg‘” ) (7).
By £ we denote the subspace of the functions in L, (£2,) which are independent of x;, and
we decompose L, (£2,) as follows:

Ly(Q) =£@ L,

where £ indicates the orthogonal complement to £ in L,(£2;). In £, we introduce a self-
adjoint operator Q as associated with a sesquilinear form:

qlu, v] := (d” d”) on  W((,x), {0, x}).
L>(0,m)

dr,’ dx,
In other words, Q is the operator — d‘% in L, (0, ) subject to the Dirichlet boundary condition.
2

Theorem 2.3. Let |t| < 1 — 6, where 0 < § < 1 is a fixed constant and assume (2.1). Then
for sufficiently small ¢ the estimate

172

+5¢1/2| Insi
<8 g'/*|Insinn|

2\
(p) Qfl
(HEP 2 g_2> B ®0 b 8172

Lo (S2:)—> La(S2)
holds true.

The resolvent (Hép )(r) - ;—j)_l is well defined that will be shown in the proof of
lemma 4.2.

We should mention that the results of theorem 2.3 are close to those of theorem 1.2 in
[FS]. Moreover, the technique we employ to prove theorem 2.3 is similar to that proposed in
[FS]. The next theorem should be regarded as the corollary of theorem 2.3.
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Theorem 2.4. Let the hypothesis of theorem 2.3 holds. Then given any N there exists &g > 0
such that for ¢ < gy, n < N the eigenvalues 1, (1, €) satisfy the asymptotics
2
T
M(T,8) = —2+n2+R,,(r, ), & — 40,
e

4 V26 +8¢'/2| Insinp|'/2
§1/2 :

2.4

IRy (T, 8)| <n

The last theorem implies that the length of the first N bands of the spectrum {),(z, ¢) :
te[-1, DL n=1,...,N, are of order at least O(¢~2). Moreover, they overlap. It means
that the first zone of the spectrum stretches as ¢ — +0 and in the limit it coincides with the
semi-axis [1, +00). It implies that all possible gaps in the spectrum of H, ‘run’ to infinity with
the speed at least O(¢~2). This is a natural situation for the homogenization problems; see,
for instance, [Bol, B].

The bottom of the spectrum of H, is given by infr¢;—1 1) A1(7, ), and by theorem 2.2 it
converges to one as ¢ — +0. The following theorem gives its complete asymptotic expansion
as e - +0.

Theorem 2.5. For ¢ small enough, the first eigenvalue L (t, €) attains its infimum at T = 0,
ie.,

inf A(zr,e) = X110, ¢). 2.5)
re[—1,1)

The asymptotics

1m0, 8) =1+ &/, (2.6)
j=1
2. 3,
mi(n) = P Insinn(e), ua(n) = =) In” sinn(e), 2.7

holds true, and other v ; are determined in a recurrent way by (5.11). Moreover,
wim =K; In/ n+ O(ln/ 3 n), n — +0, (2.8)

where I(j are some constants.

We observe that due to (2.8) the coefficients 1 ; has increasing logarithmic singularities
as n — +0. At the same time, the terms of the series (2.6) behave as O(&’ In' ), if n — +0 as
& — +0, and in view of condition (2.1) the series (2.6) remains an asymptotic one. We note
that this phenomenon for the problems in the bounded domains with the frequent alternation
of the boundary conditions was described first in [Bo4, Bo5].

Theorem 2.4 does not describe all the eigenvalues of the operator H,. Namely, we
conjecture that there exists a two-parametric family of the eigenvalues of H, behaving as

(t +2m)? n?

)Vn,m(fag)’\' n +"',m€Z, n € N.

2
e

The reason for such conjecture is that the right-hand side of this relation is, in fact, the
eigenvalues of the operator:

(, y T )2 92
%) 52
0x1 £ 0x;
in L, (£2,) subject to the Dirichlet boundary condition on I", UT"_ and to the periodic boundary

condition on the lateral boundaries of €2,. Such an operator appears, if one treats H as periodic

5
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w.r.t. x; and makes the Floquet decomposition. Moreover, it is natural to expect that the same
formulae are valid not for || < 1—§, as in theorem 2.4, but for all T € [—1, 1). Such formulae
would allow to answer one more interesting question in the presence or absence of the gaps
in the spectrum of H,. As we said above, if they exist, such gaps ‘run’ to infinity as ¢ — +0.
Generally speaking, the lengths of the gaps could be small, finite or infinite as ¢ — +0. At the
same time, in [Bo1] it was shown that the spectrum of a periodic one-dimensional Schrédinger,
2
—% +a (%) in Ly(R),

can contains only the gaps of finite or small lengths. So, it allows us to conjecture the same
for H, provided the gaps exist.

3. Convergence of the resolvent of H,

This section is devoted to the proof of theorems 2.1, 2.2.

Let x = x(t) € C*(R) be a cut-off function with values in [0, 1] equalling one as r < 1
and vanishing as r > 2. By D(-) we denote the domain of an operator.
We indicate by (rj(tm), G(im)) the polar coordinates centered at (exm % en, 0), m € Z, so

that O(im) = 0 corresponds to the points of y;.
Lemma 3.1. Each function u € D(H,) can be represented as

0 1
ulx) =u (x)+ u (x),

0 3 (m) e(m)
ux) = Za;'") rmy ( ;;E >sini7, (3.1
meZ €

6, :=min {n(e), 5 = n(e)].

1 .
where a;m) are some constants, and ue W22(Q) N Wzl (2, T+ Uye). The estimate

1
2 2 2 2
E (I + 1™ ) + || u Iz < CliHeullz,(q) (3.2)

mez

holds true, where the constant C is independent of u.

Proof. The domain of H, consists of the generalized solutions u € W, (2) to the problem:

0
—Au=f in 9, u=0 on T, Uy, —u=0 on xel,.
3)(2
It follows that
helu, u] = (f, u). (3.3)
Since u = 0 on I',, the first eigenvalue of —di—zz on the cross section of 2 is at least 1/4. This
2
is why
ou 2 1 ’
3_)62()61’ ) Lo 2 Z”u(xh ')”Lz(o,ﬂ)- 34
20,1
Hence,
au ||? 1
Belu, u] > ‘ 8—)62 e > Z““”iz(m)’ He = 1/4,
2 £
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and it follows from (3.3) that

Nl < 4l i, Vil < 201 f e, @-

Employing these inequalities and proceeding as in the proof of theorem 2.1 in [Bo3], one can
prove easily the representation (3.1), and the estimates

1
I llwz) < CliH:ull @),

(m)
’O‘i < C(”H‘Eu”Lz({XGQ: P es,py T ”u”Wzl({xEQ: r‘i'”’<sag}))v

where the constant C is independent of # and m. Summing up the last inequalities, we arrive
at (3.2). O

We introduce an auxiliary function,
X = X(&,n7) =Reln(sinz ++/sin? z — sin? ) — &, x
X1 X2 (35)
§=(1,6)= (—, —) ,
e €

z =& +i&,
where the branches of the logarithm and the root are specified by the requirements In 1 = 0,
/T = 1. We first define this function for & > 0,& # wm,m € Z, and then we extend it by
the continuity to {£ : & > 0}. This function was introduced in [G1] and it was shown that it
is harmonic as & > 0, even and m-periodic w.r.t. £, decays exponentially as & — +o00, and
satisfies the boundary conditions

X
X =Insinn on y(n), E =—1 on TI'(n), (3.6)
2
where
ym ={§: |6 —mm| <n, meZ, § =0}, L) == 0&\y (). (3.7)
The function X is continuous in {£ : & > 0} and satisfies the estimate
|X| < |Insing| (3.8)

uniformly in &. Indeed, since it is harmonic and decays exponentially as &, — +00, it achieves
its maximum on O&;. Employing this fact and the explicit formula for X, one can easily check
the estimate (3.8).

Lemma 3.2. Given any u € D(H,), the function uX ( n) belongs to W2] (2, T+ Uy

=
Proof. The boundary conditions and the belongings uX, XVu € L,(2) are due to the
belonging u € WZI(Q, '+ U y,) and the estimate (3.8). It remains to check thatuVX € L,(S).

0
We employ the representation (3.1) for # and due to (3.2) we obtainu VX € L,(£2). To prove
the belonging blt VX € L,(R2), we integrate by parts taking into account the properties of X:

1 5 1 ,0X 1 5
VX |ul|"VXdx = — X|lu|"—dx; — XVX - -V|u|~dx
Q r_ 0x2 Q

1 1, 1 ) 1,
= - Xlu|"dx —= [ VX°-V]|u|"dx
8[‘8 29

1
1 1 3 u 1
=_/X|zi|2dx+—/ x20l "] dx1+-/X2A|&|2dx
e Jr, 2 Jr 2 Ja

8x2
1
1 ) 1
=—/ X|zi|2dx+Re/ X2zi—“dx1+—/X2A|zi|2dx,
e Jr. r, dx2 2 Jq
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which by the estimate (3.8) and the belongings,
1
1 2 1 Ju
ue W;(Q), u, — € Ly(T,),
sz

implies it VX € L (). O

Proof of theorem 2.1. Denote u, := (H, —i)~' f for f € L,(2). By the definition of H,,
the function u, satisfies the identity,

(Vue, V) Ly +1(Ue, @)1y 2) = (f, D)Ly, (3.9)
for any ¢ € W21 (2,1 Uy,). For ¢ = u,, we have

IVuelly, @ +illucly, @ = (f te) Ly@)- (3.10)
We take the imaginary part of the last identity and obtain

2
luellz, @ = Im(f, ue) @) < 1 f L@ lluell@),

el < I fllLy@)- (3.11)
It follows from (3.10) and (3.11) that
IVuelly, @ = Re(f ue) @ < 117 ,0)- (3.12)

In the same way, for ug := (Hy — i)~! f we have the inequalities

luollr < I fllye, 1VuoliL, @) < I fllLa- (3.13)
By lemma 3.2 the function ¢ = u.X belongs to W2' (2, T'+ U ). We substitute it into (3.9):
(Vug, XVue) ) + (Vug, ue VX)) +i(ue, Xue) @ = (f, Xug)L,@)- (3.14)

We integrate by parts and employ the properties of X and (3.6):

1
Re(Vus, MSVX)LZ(Q) = E/ VX . (MSVES +ESVu8)dx
Q

1 2 1 ,0X 2
= = VX -V0ug|"dx = —= lug|”— dx; — |ugs|"AX dx
2 Jg 2 Jr 0x2 Q

1 2
= |ue|” doxg.
2¢e T,

Now taking the real part of (3.14), we arrive at the identity,

1
(Vue, XVue) @) + g”’%”iz(m =Re(f, Xue)r,@)-
By (3.8), (3.11), (3.12) it yields

1 .
%”“a”iz(m <Re(f, Xu) 1y + | (Vie, XVue) | < 2 Insingl| £117,q)

Nuell,aooy = el < 2velInsinn(@)| fll,@)-

Denote v, := u, — ug. This function belongs to Von1 (2,71 U y,) and is a generalized
solution to the problem:

(3.15)

—Av, +iv, =0 in £,

0V, oug
v, =0 on TI';Uy,, =——— on I,
Y 8x2 8x2
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We multiply the equation by v, and integrate by parts:

_ dug 2 . 2
— | Vem—dx1 +IVuellz, @ +llvell, @) =0, (3.16)
r, 0x
ou _ Jdu
IVUeli?, ) = Re/ Te—l dx; = Re/ e —2 dx,
. BXQ . 3x2
8140
< ey, ™ ,
X2 Ly
2 _ 314() au()
Vel < Im | we—dxy < ey, | : (3.17)
c . axz 8XQ Ly(T.)
. ou
Let us estimate H 3—)(2 Loy For a.e. x; € R we have

0 1 ™ 0 0
0,00 = —/ LR
X2 T Jo X2

By the Cauchy—Schwarz inequality we derive

ou 2 2 4 T 13%u : T | ou 2
T @0 < /(xz—ﬂ)zdxz/ — @) dx2+/ dxz/ — ()| dx,
X2 72\ Jo o | 0x; 0 0 |0x2
2 (72 | 8%ug : oug 2
= — 3 —z(xl, 0) + || —(x1,0) . (3.18)
™ 9x; Lo 110X L2(0,7)

Proceeding as in the proof of lemma 7.1 in [LU, chapter 3, section 7], we check that

and by (3.13) it implies

This estimate and (3.18) yield

Substituting this estimate and (3.15) into (3.17), we get

81246 . .
Vel o) < 4\/T‘/8' Insinn(&)[[|1 £117,.q) < v/13elInsinn@)| f17,q

that completes the proof. ]

2 2 2

2
0 uo
2
0x;

2
d Uuo
2
ax;

32M0

8X1 8x2

: 2
=|f+ 1”0”LZ(Q)7

Ly(R) H Ly () ‘ Ly ()

2
0 Uup
2
0x;

< S +iuolly@) < 20 fllye)-
Ly(Q2)

2 2

2
0 IZN)
2
ax;

2

v

3140

3)62

31/!0

8)62

2 2 872 +6
- <

2
< If e

~
Ly(I'-) 3 Ly () Ly (2)

Theorem 2.2 follows directly from theorem 2.1 and theorems VIIL.23, VIII.24 in [RS1,
chapter VIII, section 7].
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4. Convergence of the resolvent of ’Hg’)(r)
In this section, we prove theorems 2.3 and 2.4. We begin with auxiliary lemmas.
Lemma 4.1. The identity (2.3) holds true.

Proof. Given A,(t, ¢), let ¥, (x, T, ¢) be the associated eigenfunction. Employing the
function e + ¥, (x, T, €), one can construct easily a singular sequence for H, at A = A, (7, €)
and by the Weyl criterion we, therefore, obtain

U@ o) i1 e [=1, D} S oe(He).

n=1

Let

rg | (o) it e (-1, D). 4.1

n=1
It is sufficient to prove that A & o (H,). It is equivalent to the existence of the resolvent
(Hs — A)~'. Let us prove the latter.
We introduce the Gelfand transformation F, w.r.t. x:
FHx D=7 G Hx. 1), x €,
G N, 1) =Y flai—mx)ed, xeQ,
meen7Z

2 .
(7:;1?)(36) = %/ fr,Dedr, xeqQ,
0

where it is assumed in the last formula that the functions defined on €2, are extended e
periodically w.r.t. x;.
Let X be a Hilbert space, and define

o

Ly((=1,1), X) ::/ X.
(=11

Repeating the proof of theorem 2.2.5 in [K, chapter 2, section 2.2], one can prove easily that
Ge 1 Ly(2) — Ly((—1, 1), Ly(2,)) is an isomorphism, and

1Ge FZ o1 racny = 20 F 17,0 (Ge f. Ge®) La(- 1.0 1220y = 2(f2 &) La@)-
“4.2)

Similarly, G, : W) (Q, T, Uy,) — Ly((=1, 1), Wzl,per(Qm LU V%)) is an isomorphism, and

2 _ 2
”gSf”Lz«—l,1>,v"V2‘_,,er(sze,1°“+U;>€>> - 2”f”W2'<sz,r+uV€>’ 4.3)

(Ge £, Ge8) 1y ((—1,0, W (@ tuup = 200 Ota,r,up-

Given f € L,(2),let fg(x, 7) := (F: f)(x, ). Dueto (4.1), the operator (Hép)(r)—k)_l
is invertible for each T € [—1, 1). The function %, = . (x, T),

—~ -1 $71 B °
e = (HP (1) = ) f € Wy (R, T U ),
satisfies the uniform in t estimate
”il\s”Wz'(Qe) < C”f”Lz(Qx)'

10
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Hence, it belongs to L,((—1, 1), Wz1 (2, I, U ¥¢)), and by (4.3) the function

,per
1 [?
ug(x) _( )(x) / U, (x, r)e < dr
0

belongs to W) (2, Ty U y,).
Given any ¢ € V°V21 (2, T, Uy,), denote ¢ := F.p. The identities (4.2), (4.3) and the
definition of 7, yield

1/(. 0 ™\ . (.0 T\
helt, o] — 2, @),y = = [ im— — = Jue, | im— — — ) ©:
2\\ox ¢ dxi e Lo((—1,1),L>(2.))

1 (aﬁg 9%

> — = (e, ) Ly((—1.1). L))

0xy” 3x2>Lz<<1,1>,L2<9m 2
I ~
- E(fs’ Pe)La((~1.). 220 = (s @)y
Thus, u = (H, — A)~! f and the operator H, — X is boundedly invertible. U

Lemmad4.2. Let|t| <1 — 4, where 0 < § < 1is a fixed constant, and

2N\ —1
", = (Hgf')(r) - T—2> f.
£

Then

el Lo < 41 F oo (4.4)
du,
‘ - <2 f - 4.5)
%2 |1,
oug 2

< =N lLae- (4.6)
‘ax] . 51/2 Ly (2)

If, in addition, f € £, then

g
Nuell) < =5 1 fley@s IVugllr, ) < —||f||L7(szg)- 4.7
512

Proof. Let us prove first that the resolvent (ng )(r) ’—2) "is well defined. The quadratic

form corresponding to HP (r) — 8—2 reads as follows:

2 9
((r10-2), 0, |52
€ La(R0) X ¢

on W) _(Q,, ",U7,). We canexpand u(-, x,) in terms of the basis {eizvzx1 fbm=0,1,2,....

2 2
‘172

- i)+ H T 4.8)

Ly(2)

Ly (S2)

2,per
Employing this expansion, one can make sure that
2 2 2
T2 T
2
10— == ||u||L(gz) H(l___> ut _||MJ_||L(Q)
H< dx1 ) Ly(S) ’ dx; ¢ Ly () : ’
4(1 Iz 48
=z 8—” ”LZ(QS) z ”M ||L2(Q ) 4.9)
2 2
.0 T T 5 ou
” (]8_ - _> u - _2||u||Lz(Qs) = ‘ Ixr ) (4.10)
¢ L) ¢ Lo

11
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where ut is the projection of u on £+. It follows from (3.4) that

ou
8)62

foru € VVzl(Qg, f’+). The estimates (4.11) and (4.9) imply that

72 1

H(P) - 5 2 R

¢ () e 4

and therefore the inverse of this operator is well defined and satisfies the estimate (4.4). In
view of (4.8), we thus have

1 2
> Z”u”Lz(Qg) (4.11)

La(82)

Y T ? 2 du, ||
’( 8X1 8) ¢ L) 2 WellLy(2,) 8x2 L@ &) Ly(2)
This identity, (4.4) and (4.10) imply
‘ B | 4117 8‘ | 41 fI12
= La(&) S Lr(S0
%2 [l @) 22 0x1 |l 1y, 2(Q:)

that proves (4.5) and (4.6).
Assume that f € £% and let usl be the projection of u, on £1. Then it follows from
(4.12) and (4.9) that

2 au. |12
A _ _” 1 ole _ 1
1 Ug ”e“LQ +’ = (fouy) 0
”( 8_x1 ) Lz(Qe) 82 2( s) 8_X2 Lz(Qg) 2( s)
We substitute the estimate (4.9) into the last identity:
45 2
1 1
8_2”“5 ||L2(Q) < I/ Ug ”LZ(QE)’
1
| ||L2(Q) < ||f||L7(Q )s
|(fs ue) ool = | (f uy) ||f||L2(Q)
The last estimate, (4.10), (4.11), (4.12) yield
g 2 g 2
”usqu(Q) X ”f”LZ(Q ) ”vu8”L2(§26) < E”f“Lz(Qg)’
that completes the proof. ]

Lemmad4.3. Let F = F(x3) € Ly(0, 7) and U := Q" 'F. Then

, T
U 0)] < \/;”F||Lz(0,n)~

Proof. It is easy to find the function U explicitly:

1 (7 2xst
U()Cz):—z |x2—t|—x2—t+7 F([)dl
0

U 0) = /n (1 _ i) F(r)dt,
0 T

Hence,

12
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and by the Cauchy—Schwarz inequality, we obtain

1/2
, T 1\ T
U (0)] < </ (1 - —) dt) 1FllL,0,7) = \/;”F||L2(O,n)~
0 T 0

Lemma 4.4. Each function u € D(ng ) (r)) can be represented as

w(x) =1 (x)+ 1 (x),
3 ) 9(0) 3 ) 9(0) (4.13)
3(x) =a_x (;T_£> \/rio) sin ? +ox (;;E \/ r© sin %

1 .
where u (x) € W22(S2£) vanishes on G U y, and satisfies the periodic boundary condition on
the lateral boundaries of Q.. Here ay are some constants, and 8. is the same as in lemma 3.1.

The proof is completely analogous to that of lemma 3.1.

Proof of theorem 2.3. Given f € L,(2.), we decompose it as [ = F, + fj, F. e £,
fie gt
2
IFeZ @ + 11 Ny = 1 10 (4.14)

Then
-1 2 2

2 -1 -
<H§P>(r) - Z—2> f= (H&”(r) - 2—2) F+ (Hé’”(r) - Z—z)

and by (4.7), (4.8), (4.14) we obtain immediately
& n I3
<5l ey < 5l e 415)

2\ n
(HEP)(T) — 8_2) fg
Ly(S2)

It remains to construct an appropriate approximation for

2\ 7!
U = <H§P>(z) - §> F,.

It is clear that (Q~ ! @ 0)f = O~ !'F.. We denote this function by U.. Let x be a cut-off
function defined before lemma 3.1. We introduce one more function:

T (x) 1= U (x2) + U/ (0) (X (z n(e)) — Insin n(e)) X (x2).

It is straightforward to check that %, satisfies the periodic boundary condition on the lateral
surfaces of ., vanishes on f‘+ U 7., and obeys the Neumann condition on f‘g. It also
belongs to the domain of the operator ng )(r) since the function x (x;) X (% n(e)) satisfies
the representation (4.13).

Employing the properties of X, we see that

L
fe

» 2\ , . 0X Y ) ,0X
HP (t) — — |u: = F. — U(0) 21rxa—+sx (X—lns1nn)+2ex8— ,
& X X2

and for u, := u, — U, we have

~ T2 ! . 7:2 - ’
i, = U/(0) (Hi”(r) - ?2) g — &U/(0) Insiny (Hi”)(” - 8—2) X'

— 7 45,

. 0X Y ,0X
ge=2tx—+e|x X+2x — ).
0x1 9x2

13
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It follows from [Bo5, lemma 3.7] that

/2
/ X(E,md§ =0 for & > 0.
—/2
Hence,
en/2 X
/ X(—,n(e)) dx; =0 for 0<x <,
—em/2 &

and g € £+. By (4.7) it implies that
The identity

IVe X117,y = 7| Insiny, M:={§: 6| <m/2,6 > 0},
was proven in [Bo5, lemma 3.8]. Together with (3.8) and (2.1) it yields

Ha +8|1nSinT]|”X””Lg(QE)+28C‘—
x|

||g||L2(Q) N
La(9) X2
< 2V2|IVe X |1y, + C&*?| Insin |
< 2V2|IVe X ||,y + Ce¥/?| Insin |
= 2427 | Insin y|"/2 + Ce2| Insin 5| < 6| Insin ]!/, 4.17)

if ¢ is small enough. Here the symbol C indicates inessential constants independent of & and
n. Since

R =en [ fman,

by the Cauchy—Schwarz inequality we have

—1/2
1 Fellzy0.0 < )20 Fllzy,)-

This estimate and lemma 4.3 yield

—1/2
UL (0)] < —=
‘ NE]

It follows from (4.16) and (4.17), and the last estimate that

23 2

[7°] e < 572 iz ¢ |insing] Y21 f a0

1 f L) (4.18)

Since || x" L) = Ve | x" | L,0.7), bY (4.4) and (4.18) we derive

< Cellnsin |l £z,

where C is a constant independent of ¢ and 7. Thus,
~ 4e'? 12
el < W' Insin ||| fllz ) 4.19)

if ¢ is small enough. It follows from (4.18) and (3.8) that
, . 2em .
leU, (O)(X — Insinn) x Il L, < %Iln sin ||l f .-

14
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Hence, by (4.15), (4.19), (2.1) we obtain

2\ —1
” (Hgm(f) - :—2> f—@Q'e0of

La(82)

< <—8 +—4 81/2|1nsinn|1/2+—2”e|1nsinn|> 11l Lo
~ 2 3
V3 ’

sz " s12
e+ 5¢!/2| Insin n|'/?
X 5172 ”flle(Qs)’
if & is small enough. O

Proof of theorem 2.4. By the standard bracketing arguments (see, for instance, [RS2,
chapter XIII, section 15, proposition 4]) we see that the eigenvalues of Hf;p ) ;—; are estimated
from above by those of the same operator in the case n = m /2. In other words, we increase
the eigenvalues of Hé” ) _ ;—j, if we replace the Neumann condition on f‘s by the Dirichlet one.
In the latter case, given any N there exists &y > 0 so that for ¢ < gy the first N eigenvalues are
n? with the eigenfunctions sinnx,. Hence,

2

0< A(r,6) — :—2 <n? n<N, £ < &. (4.20)
By [OSI, chapter III, section 1, theorem 1.4] and by theorem 2.3 we have
1 _i e +5¢'/2|Insin »|'/?
A (T, &) — ;_3 n2l > §1/2
The statement of the theorem follows from the two previous estimates. ]

5. Bottom of the spectrum

In this section, we prove theorem 2.5. First we prove that the eigenvalue A; (7, €) attains its
minimum at t = 0.

In the same way as in the proof of theorem 2.4, by the bracketing arguments we see
that the eigenvalues of HP )(‘L') are estimated from below by those of the same operator with
n = 0, i.e., when we replace the Dirichlet condition on I, by the Neumann one. The lowest
eigenvalue of the latter operator is % + E—Z and therefore

[\

T

)"1(‘[7‘9)2 + Te[_171)7

& 5.1)

At e) = -, IT| > e.

BN R N N

Since by (2.4) the eigenvalue A, (0, &) behaves as
21(0,8) =1+0(1), & — +0, (5.2)
in view of (5.1) we conclude that A, (z, &) > A;(0, &) as |t] > ¢ for sufficiently small ¢, and

thus

inf Ai(r,e) = inf A(7,e).
te[—1,1) Te[—ee]

Consider the case |t| < ¢. For such 7, the eigenvalue A, (7, ¢) is simple as it follows from
(2.4). Let ¢, = ¥.(x) be the real-valued eigenfunction associated with A; (0, &) normalized
in Ly (2,).

15
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Lemma 5.1. The convergence

5

Os
Bxl

Ly(S2)
holds true.

Proof. By the definition, the function . satisfies the identity,
IVYellZ, ) = 4100, 8).

& — 40,

(5.3)

Let ¥ be the projection of ¥, on £, and ¥, := ¥, — ¥+ € £, Y. = ¥.(x). By the

inequality (4.9) with T = 0, we obtain

H e |°

8)(1

Ly (2 )

_ 2
de 2” v ”LZ(QS)'

Together with (5.2) and (5.3) it yields

|| WsJ_ Ly () = 0(8)7 e — +0.
Since

IWell T, + 11,0 = 1Welll, @) =
it follows that

1Welly@) = 1+0C), £ — +0. (5.4)

We integrate the equation

—AYe = 11(0, &)Y,

w.r.t. x; € (—em /2, em/2) for x; € (0, 7):
&2, ,
_)"1(0 8)w87 xze (077[)7 wa(ﬂ):O
dx2

Hence,

Ve (x2) = Ce(em) ™2 sin /21 (0, &) (7 — x2),

AT _ C? . sin2+/A1 (0, &)

eML2() ™ 9 20,8
where C, is a constant. If follows from (5.4) and (5.2) that
, 2
C; =—+o(l), g — +0.
g
By direct calculations we check that
v, || C231(0, in2y/4 (0, &),
” ve = £M0.e) (n+ sinZv A ‘””) = 1100, &) (1 +0(1)), & — +0.
dx2 |1, 2 2/A21(0, &)
We substitute this identity and the asymptotics (5.2) into (5.3):
2 L
2 oY oY
V¥ liq,) =0, ‘ 3 - - ’a_s &= +0.
Ly X1 a

Applying the bracketing arguments in the same way as above, we can estimate the

eigenvalues 1 (7, ¢) and (7, €) as

4
16

1 72
S <hme - = <1
s

&1 0O

T2
< AT, 8) — =
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for ¢ small enough, || < €. One can make sure easily that

2 .
(Hi’”(r) - :_2) Ve = 200, &)y, — 2L Ve

& Bxl’

2
((Hg”)(r) - %) Ve, wg) = 1100, &),
€ La(Q)
= 13(0, ) +

2 2 2
T 4t
(Hgm(r) - —2) e :
€ Ly () Ly(Q,)

2
Employing these formulae, we apply the Temple inequality (see [D, chapter 4, section 4.6,
theorem 4.6.3]) to the operator Hép)(r) — ;—2

M e) - T_j > % <(H§p)(t) _ 2—2) Ve I/IS)LZ(QS) B ” (ng)(,) - Z_;) Ve
e o _ (( Pty - s_j) v, %)

2

e

8x1

2

La(S2)

Ly ()
2
0.8 = 10,07 = T FE] o)
% - )‘-1 (07 8)
472 v |?
=)»1(0,8)——H— .
&2 (3 = 110,) [ 031 ||y,
Hence, by lemma 5.1 and the asymptotics (5.2)
2 16 ||
ri(z, ) =2 11(0,6) + 1_2 |- H ve Z 110, &), T € [—e ¢l
e 9 —4x11(0,¢e) | 0x; L)

if & is small enough. It proves the identity (2.5).

We proceed to the asymptotics for 1;(0, ). We construct it first formally and then we
justify it. The formal constructing is based on the boundary layer method, and in fact it follows
the main ideas of [G1].

We construct the asymptotics for A;(0, ¢) as the series (2.6). The asymptotics for the
associated eigenfunction is constructed as

Ye(x) = W(x, ) + x () WP (E, ),

W) (x, ) = sin /A0, ) (1 — x2),

where the cut-off function x was defined before lemma 3.1, and the variables § were introduced
in (3.5). In contrast to ¥, the function ¥, is not supposed to be normalized in L,(€2;).
The function W' is a boundary layer at I"_ and its asymptotics is sought as

W E ) =) eui(E, ). (5.5)
i=1

The main aim of the formal constructing is to determine the numbers p; and the functions v;.
It is clear that

o0
. . i T
0. n) = siny/a 0. o = Y& (< T+ G i),
i=1
dwin
S 0,7) = —v/21(0, &) cos /A1 (0, &) (5.6)
X2

oo
1+Z€i (% +GM(uy, -~-7Mi71)> ,
i=1

17
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where GED), GfN) are some polynomials, and, in particular,
T
8

The function 1;8 satisfies the boundary condition on y, and I, and by (5.5) and (5.6) it implies
the boundary conditions for v;:

G =0, GV =0, G () = Zui. (5.7)

v 1 v ! G ( ) Ecl(m), i>2 (5.8
= —1, = —ZMi-1 — i— s ooy Li=2), ) [ .

98, 98, 2M 1 i—1\M1 Mi-2 n

v = 2 — G (u Mi—1) Eeym) iz1

1 2 i i 1, '-'07 i—1)s ’ = L (5.9)

Py = 0TI N y(n), I'(n) ;=031 NT(n),

where, we recall, the sets y (1) and I"() were introduced in (3.7). The functions v; should
satisfy the periodic boundary conditions on the lateral boundaries of I1, since the same is
assumed for .. And they should decay exponentially as £, — 400, since they are boundary
layer functions.

In order to obtain the equations for v;, we substitute the series (2.6), (5.5) into the equation

— AW = 5,0, )W, x € Q,
pass to the variables &, and equate the coefficients of the same powers of . It implies
i—3
—Agvi =) pivieja. £ €L (5.10)
j=0
where 1o := 1. The functions v, v, are harmonic ones and we can find them explicitly:
1
v = X, Uy = 7X7
where, we recall, the function X was introduced in (3.5). It follows from (3.6) that
vy = Insinn, vy = %lnsinn, Eeymn,
and by (5.7)—(5.9) we obtain
T = Insin il Insinn = il T2
2#1— n, ) 77—2M2 8“1'

The identity obtained leads us directly to formulae (2.7).
The solvability condition of the problems (5.10), (5.8), (5.9) for i > 3 is given by
lemma 3.1 in [G1]:

i-3
s o _ (1 ™ Yoo
n(EMi_Gi —(E[,Li_1+Gl-1 lnsmn ZX(:)/,L]' HYvi_j_zd%',
J:

Y=Y(§,n:=X(E,n)+& — Insing.

It implies the formulae for u;:

i-3
2(1

ni = —<—Zﬂj/ YvimjoadE + GV, .y pish)
T\ =0 I

+(%+G?j{(ul, ...,M,«_z)) lnsinn>. (5.11)

So, the problems (5.10), (5.8), (5.9) are solvable.

18
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By induction it follows from [Bo35, lemma 3.7] that

fid

/2 Ui(év T]) dé] - 0 fOr al] Ez > O‘

2
It allows us to apply theorem 3.1 from [Bo35] to the problems (5.10), (5.8), (5.9). Similar in
fact was the core of the proof of lemma 4.2 in [Bo5], and repeating word by word the proof of
this lemma, we arrive at

Lemma 5.2. As n — +0, the identities (2.8) and the uniform in n estimates

. ov; .
_ 1 _
1E7 vl L,y < Cllnpl)/ ™!, e 58_55; < Cllnp)™!
L (TT)
0™v; .
PVeTot | <Clngl T m=0.1
%_2 Ly (IT)

hold true, where p > 0.

Employing this lemma and reproducing the proof of lemma 5.1 in [Bo5], one can prove
easily
Lemma 5.3. Forany p > 2, R > 1 the uniform in R and n estimates
il < CR™P (=" + 1), IVevjllzymy < CR™P (| InpP =" + 1),
hold true.

Given M > 2, denote
M

M
AM =143 . M) = sin AN (= x0) + x (1) Y EMvi(EL ).
i=1

i=1

Lemma 5.4. The function ‘IIE(M) € W21 (S2¢) satisfies the periodic boundary condition on the
lateral boundaries of 2. and is a generalized solution to the problem:

—ATM = AMGD L FOD iy M =0 on T,
JwD .
\I'(M) B(M) on Yy, o _B(M) on I,
X2

where féM) € Ly(R2,), B;Aé), B(M) are constants. The uniform in ¢ and n estimates
|7 < Ce" (M2 + 1),

BN | < ce(linpl™ + 1), |BYS| < ce(1mp M + 1),

hold true.

This lemma can be checked by direct calculations with employing lemma 5.3.
We let

W (x) 1= UM (x) — x (x2) (B +x2BY).
In view of lemma 5.4, this function belongs to the domain of Hg” ) (0) and
(HP(©) — AM) WD = D (FAS PPN Ce"=3|(InyM 2 + 1), (5.12)

It is also easy to check that
e, 0, =€ (% +O(e( Iny| + 1))> .

19
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Denote
(M)
g ._ Ve
€ (M) ’
vl g,
and by (5.12) and (4.4) we have
I = -5 i -2 -2
U = (HPO) T = T | F e, < O I 4 D),

Since the operator (Hé‘" ) (0))_l is self-adjoint and compact, by [OSI, chapter III, section 1,
lemma 1.1] we conclude that there exists an eigenvalue A, of the operator ng) (0) such that
’ 1 1

— — — | <M (M2 + 1),
AM ] T

In view of the asymptotics (5.2), the only eigenvalue of HP

is 11(0, &) and A, = A(0, ¢). Hence,
|AM — x| < CeM (| InnM 2+ 1),

(0) which satisfies this inequality

and the asymptotics (2.6) is proven.
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